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A SHORT PROOF OF THE CONVERSE TO A THEOREM OF
STEINHAUS
DANG ANH TUAN
Abstract. A result of H. Steinhaus states that any positive Lebesgue measur-
able set has a property that its difference set contains an open interval around
the origin. Y. V. Mospan proved that this result is the characterization of
absolutely continuous measure. In this note we give a short proof of it.
Firstly, let me recall some facts from the paper ”A converse to a theorem of
Steinhaus” of Y. V. Mospan ([1]).
Definition 1. A Borel measure µ on R is said to have Steinhaus property (abbre-
viated SP) if for every µ−measurable set A with µ(A) > 0 the difference A − A
contains an open interval around zero.
Example 1. H. Steinhaus stated that Lebesgue measure m has SP property ([3]).
It is easy to see Dirac measure δ and the Cantor measure do not have SP property.
Remark 1. It is easy to see that a Borel measure µ is not SP if and only if there is
Borel set A with µ(A) > 0, and a sequence {tn}∞n=1 converging to 0 such that
A ∩ (A+ tn) = ∅.
Note that ”Borel set” can be replaced by ”compact set”.
We give now some other characterizations of Borel measures which are not SP.
Proposition 1. Let µ be a Borel measure on R. Then the following statements are
equivalent.
(i) The Borel measure µ is not SP.
(ii) There is a compact set A ⊂ R such that µ(A) > 0 and the Lebesgue measure
m(A) of A is zero.
(iii) There is a compact set A ⊂ R with µ(A) > 0 and a sequence {tn}∞n=1
converging to 0 such that
lim
n→∞
µ(A+ tn) = 0.
Proof. We may assume that the support of µ is compact.
Firstly, we prove that (i) implies (ii). It is a easy consequence of Steinhaus Theorem.
For the completion we give a short reason here. From the Remark 1 there is a
compact set A with µ(A) > 0 and a sequence {tn}∞n=1 converging to 0 such that
A ∩ (A+ tn) = ∅.
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So the Lebesgue measure m(A ∩ (A+ tn)) = 0 for all n ∈ N. Note that
m(A∩ (A+ tn)) =
∫
A
χ−A(tn − x)dm(x) = (χA ∗ χ−A)(tn),m(A) = (χA ∗χ−A)(0)
and the map t 7→ (χA ∗ χ−A)(t) is continuous from R to R. So (i) implies (ii).
Next, we show that (ii) implies (iii). We can consider µ and m as generalized
functions
µ : ϕ ∈ D(R) 7→
∫
R
ϕ(x)dµ(x),
m : ϕ ∈ D(R) 7→
∫
R
ϕ(x)dm(x).
Then µ has compact support and m is translation-invariant. Especially we have
m ∗ χ−A is constant function m(A) = 0. Besides µ, χ−A has compact support so
m ∗ (µ ∗ χ−A) = µ ∗ (m ∗ χ−A) = 0.
Note that (µ∗χ−A)(x) = µ(A+x) is a nonnegative function with compact support.
Therefore µ ∗ χ−A = 0 Lebesgue almost everywhere on R. Hence we get (iii).
Finally we show that (iii) implies (i). Let A be a compact set satisfying (iii). Since
lim
n→∞
µ(A+ tn) = 0
there is a subsequence {tnk}
∞
k=1
such that
µ(A+ tnk) < µ(A)/2
k.
Put A′ = A \ (∪∞
k=1
(A+ tnk)) we have
• µ(A′) ≥ µ(A) −
∞∑
k=1
µ(A+ tnk) > µ(A)/2,
• A′ ∩ (A′ + tnk) = ∅, ∀k ∈ N,
• lim
k→∞
tnk = 0.
From the Remark 1 we get (i). 
From (ii) of the above Proposition we obtained the converse to theorem of Stein-
hauss.
Theorem 1. A Borel measure µ is SP if and only if µ is absolutely continuous to
the Lebesgue measure m.
Remark 2. It is not difficult to have the same theorem for Borel measures on locally
compact groups with Haar measure as the result of S. M. Simmons ([2]).
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